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Abstract—The problem of searching over a large number of
data streams for identifying one that holds certain features of
interest is considered. The data streams are assumed to be
generated by one of two possible statistical distributions with
cumulative distribution functions F; and F; and the objective
is to identify one sequence generated by F; as quickly as
possible, and prior to a pre-specified deadline. Furthermore, it
is assumed that the generation of the data streams follows a
known dependency kernel such that the likelihood of a sequence
being generated by F: depends on the underlying distributions
of the other data streams. The optimal sequential sampling
strategy is characterized, and numerical evaluations are provided
to illustrate the gains of incorporating the information about the
dependency structure into the design of the sampling process.

I. INTRODUCTION

Recent advances in complex networks (e.g., energy grids)
and information acquisition technologies (e.g., sensor net-
works) have led to the advent of high-dimensional data sets,
which in turn propels the needs for computationally affordable
and fast information processing mechanisms. Challenges as-
sociated with high-dimensional data analysis are multi-faceted
and include modeling, communicating, storing, and searching,
to name a few. Searching for features or anomalies in high-
dimensional data is ubiquitous and has a central role in many
domains, which often manifests itself as finding features (e.g.,
medical records [1]), detecting anomalies (e.g., fraud detection
[2]), or identifying opportunities (e.g., spectrum sensing [3]—
[5D.

In this paper we consider the problem of searching for
features in high-dimensional data. Specifically, we consider
a dataset consisting of a large number of data streams which
are constantly generating information and aim to identify one
of the data streams that holds a feature of interest as quickly
as possible. In order to harness the complexity and quality
of the decision, we focus on a sequential and data-adaptive
information gathering process in which measurements are
taken one at a time and it is dynamically decided whether
to form a decision based on the information accumulated or
to proceed with collecting more information. This problem
when data streams are generated by one the two possible
underlying mechanisms is studied in detail in [6], where it
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is assumed that all data streams, independently of each other,
have equal chances of carrying the feature of interest. In this
paper, we focus on a similar setting with the exception that
we assume that there exists an inherent dependency among
the generation of the data streams such that whether a data
stream will bear the feature of interest depends on the rest
of the data streams. Furthermore, we focus the attention on a
finite-horizon quickest search strategy, in which the decision
is delay-limited and has to be declared prior to a pre-specified
deadline.

The remainder of this paper is organized as follows. In
Section II the quickest search problem and the underlying
data generation model is formulated and Section III provides
the optimal finite-horizon sampling strategy. Numerical eval-
uations are presented in Section IV and Section V concludes
the paper.

II. PROBLEM FORMULATION
A. Observation Model

Consider n sequences of real-valued observations, denoted
by {X*}_,, and define X} as the jth element of sequence
Xt ie.,

X'E{X], X5, ()

The elements within each sequence are independent and iden-
tically distributed (i.i.d.). The observations from the normal
sequences are generated by a distribution with cumulative
distribution function (CDF) F; and those from the outlier
ones are generated by a different distribution with CDF F}.
By using this dichotomous model, the observations obey the
following hypothesis model:

HQ : X;’ NFQ,

H1 : XJZNFl (2)

The probability density functions corresponding to Fy and Fi,
are denoted by fp and f7, respectively.
B. Correlation Structure

Generation of sequences {X;, Xs,..., X, } is assumed to
follow a known dependency kernel such that the prior prob-
ability that sequence & obeys H; is controlled by the distri-
bution of its proceeding sequence. Specifically, we have

P(Tl = Hl) = €, 3)
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and

P(T;=H; |Ti-1=H;) = ¢, for j€{0,1}, ()

where €y # €. The prior probability that X;, for i €
{1,...,n}, is generated by F; can be obtained using (3) and
(4), and it is

1-— (61 — Eo)i_l

P(T;=Hi) =€ (e1 —eo) ! :
( 1) =¢€-(e1 —€) + €o 1= (e1 — o)

. 5)

C. Sampling Model

In order to identify one sequence generated by Fj as quickly
as possible, the sampling procedure collects observations se-
quentially until a reliable decision can be formed. By denoting
the sample taken at time ¢ by Y;, and by defining s; as the
index of the sequence observed at time ¢t € N, the sampling
procedure is initiated at time ¢t = 1 by setting s; = 1.
Depending on the information accumulated up to time ¢, the
sampling procedure takes one of the following three possible
actions:

A1) Detection: stop taking further samples due to having
enough confidence to declare that the sequence s; is
generated according to Fj.

Observation: take one more sample from the same

sequence at time ¢ + 1 due to lack of confidence to

make a decision. Hence, we have sy = s;.

As3) Exploration: discard sequence s; due to having enough
confidence that this sequence is generated by Fj and
switch to its following sequence, i.e., we have s;11 =
St + ].

In order to formalize the sampling procedure, we define
7 as the stopping time, at which the sampling procedure is
terminated and action A; is taken. At time ¢ € {1,...,7 —
1}, in order to determine which of the two actions Ag or
As should be performed, we define the switching function
¥ {1,...,7 — 1} — {0,1}, where ¢(¢) = 0 indicates that
we should continue taking one more sample from the current
sequence, and ¢ (t) = 1 indicates that the current sequence
should be discarded and a sample from the next sequence
should be taken, i.e.,

Aj)

w(t) = 0 action Ay and sp11 = s¢
T 1 1 action Az and sy =s; + 1

D. Problem Formulation

(6)

The optimal sampling procedure can be characterized
uniquely by finding the optimal stopping time and switch-
ing sequence. In such sequential and data-adaptive sampling
procedures there exists an inherent tension between decision
quality and decision delay. Hence designing the optimal sam-
pling strategy involves striking a balance between these two
performance measures. In this paper, we focus on minimizing
the expected decision delay subject to a controlled decision
quality by solving

infrer y,

@)
s.t. P(Ts. =Hp) <8

And, in particular, the focus is on designing a finite-horizon
sampling procedure in which a decision should be performed
by a pre-specified time 7' € N.

III. OPTIMAL FINITE-HORIZON SAMPLING

By using the discussions in [6] and [7], the solution for
the canonical quickest search optimization problem formulated
in (7) can be equivalently obtained by solving the following
Bayesian formulation:

_nf[P(T.. = Ho) +coE[r]] | ®)
where cg is a constant (function of 3) through which the costs
associated with decision delay and accuracy are integrated into
one cost function. Next, given the information accumulated
up to time t, we characterize the cost of the detection,
observation, and exploration actions, based on which we can
identify the best next action. By defining G (F;) where
Fi = {Y1,...,Y:}, as the cost of the best action at time ¢, we
have

Gl (F1) = min{J5y (Fr), cp + min (T (F)} . 9)

where jgl(}"t), cg + Jio(F). and cg + Ji5(Fy) are the
costs pertinent to detection, observation, and exploration,
respectively. Furthermore, we have the following recursive
connections between {J7;(F;)}2_; and G (F,):

A JhFR)=1-m (10)
Ay jg;z(ft) = E[é;+1(ft+1)‘ft’¢(t) =0 (D
A3 . jg;‘;(ft) = E[éa_l(ft—kl)‘ftaﬂ](t) = 1] (12’)

To proceed, let us define 7; as the posterior probability that
the sequence observed at time t, i.e., sequence sy, is generated
according to F}. Hence, we have

T =P(T,, =Hy | F) . (13)

By using the correlation structure described in Subsection II-B,
the posterior probability at time ¢ + 1, for ¢ € N, can be
obtained recursively in terms of 7; according to

Tt+1
= T f1(Yes1) . B
C omf(Yi) + (1= m) fo(Yigr) I(y(t) = 0)
Tt f1(Yig1)

+ ﬁtfl(}/hq) + (]— - 7_Tt)fO(Y;ﬁJrl) .

where [(-) denotes the indicator function, and we have defined

I(y@)=1), (14

= mi(€1 — €0) + €o - (15)

Furthermore, for ¢t = 1, we have

_ ef1(Y1)

efi(V1) + (1 —e)fo(Y1)
By taking into account the recursive form in (14), and by
following the same line of argument as in [6], the following
lemma shows that the optimal decision rule for stopping or
switching at time ¢ is related to F; only through 7.

™1 (16)
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Lemma 1: The functions {JtTZ (F:)}2_, depend on F; only
through 7; and can be rewritten as functlons of m; which we
denote by {J7;(m)}i_,.

Proof: By definition we have J{(F;) = 1— m;, which
establishes the claim for ¢ = 1. Furthermore, at time 7, the
minimal cost function G%.(Fr) is dominated by that of the
detection action, and we immediately have G-(Fr) = 1—mr.
By using backward induction with starting point t = T, we
next show that if G‘t +1(ft+1) depends on F;1 only through
Ty4+1, then the functions {J7;(F;)}3_, and GT(]-'t) depend on
F, only through 7. For this purpose, we denote G L (Fir)
by GtT+1(7rt+1), based on which from (11) and (14) we obtain

E[G 1 (meg1)|Fr, (t) = 0]
/G ( J1(Yegr)me )
N Ves)me + fo(Yier)(1 — m)
X ([1Yer)me + fo(Yer)(A — 7)) dYiqs
The integrand of (17) clearly depends on JF; only through 7,

which we denote by J/,(m;). Similarly, based on (12) and
(14) we have

T (Fy) =

7)

Jis(Fe) = E[GT (meg) | Fe, 0o(t) = 1]
J1(Yeg1)7
/G“rl (fl (Yir)7e + fo(Yegr)(1 — ﬁt))

(fl()/t+1)77t + fo()/t.:,_l)(l - 7Tt)) dift.;,_l .

By recalling that 7; = (€1 — €o) + €, it is concluded that
Ji3(F¢) depends on F; through 7, denoted by Ji3(m;). Next
by recalling that

Gl (F)

(18)

= min{jgl(}'t), cg + min{jtT;Q(}'t), jgg(]-"t)}} ,
we immediately have

GY (Fi) = min{J (m0), ep + min{ I (me), Jig(m)}}

which indicates that G¥(F;) depends on F; through m,
denoted by G7 () [ ]
By leveraging the result of Lemma 1, we next establish that
functions J,(m;) and J5(m,) are concave in 7.

Lemma 2: The functions .J5(m;) and J3(m;) are non-
negative concave functions of m; for m; € [0, 1].

Proof: Non-negativity of these functions follows from the
fact that at the stopping time the minimal cost is G%(mr) =
1—m, which is non-negative, in conjunction with the recursive
connection between {J(m)}?_; and G\, (m41) provided
in (11) and (12).

The concavities of these functions can be established
through backward induction by proving that the minimal cost
function G7,,(m;11) being concave leads to concave struc-
tures for Jl,(m) and Ji3(m;), and consequently a concave
structure for G7 (m;). For this purpose, at time 7' we have
GLX(nr) = 1 — 7r, confirming that the function G7 (7r) is
concave at the starting point of the inductive argument. By
assuming that GtT+1(7rt+1) is concave, we next show that the
functions J}y(m¢) and Ji5(m;) are concave. For this purpose,

for any two arbitrary probability terms 7} and 72 we define
7} as their convex combination for an arbitrary A € [0, 1], i.e.,

™ £ A+ (1= N7 (19)
and aim to show that for ¢ € {2,3}
ML)+ Q=N I > T . 0)

By using (17)-(18) and expanding the left hand of (20) we
obtain

Mig(mp) + (1= X (m)

— [GTo ) + (1= 1) G 2, )

x Agi(mf) + (1= Nas(nf)] dYern . (2D)
where we have defined
1
" T 22
@2(m) = 7 f1(Yegr) + (1 = 7) fo(Yign) (23)
and, gs(m) = (m(e1 — €0) + €0) f1(Yit1)

+[1 —7(e1 — €0) — €0) fo(Yet1) - (24)

By using the concavity of G¥, | (m;41) we obtain the following
lower bound on (21):

AL () + (1= N) i ()

> [ Gl Gt + (- p)at)

X Agi(n}) + (1 = Ngi(n?)] dYipr . (25)
Next, we remark that it can be readily verified that

T = i + (1= p)mi, ,  (26)

and , qi(ﬂ'tg) = /\q,'(ﬂ'tl) +(1- /\)qi(ﬂ'f) . 27)
Hence, we can re-write (25) as
L () + (1= NI (x2)

> / Gl (T )ai(n}) dYepr = Jii(m)) . (28)

which proves the concavity of {J;(m)}}_, in m. [ |

Given lemmas above, the following theorems establish the
optimal stopping time and the switching rule at time t as
functions of ;.

Theorem 1 (Stopping Time): For the finite-horizon quickest
search problem in (8), the optimal stopping time is 7 =
inf{t : m > 7} where 7f; is a solution of

1—75 = cg+ il’il%% Jhi(nl) (29)

Proof: According to (9), the procedure stops taking
further samples when the cost associated with terminating
the procedure falls below those associated with the observa-
tion and exploration actions, i.e., JtT;1 (F:) becomes less than
cg + JtT;Q(ﬂ't) or cg + J§3(ﬂ't). In other words,

mh=1inf{t : T >1—cp— min Jh(m)y . (30)
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Fig. 1. An illustration of G¥ (7¢).

This characterization of the stopping time implies that the
stopping rule can be equivalently cast as comparing the
probability term m; with a threshold. By taking into account
that functions {J;(m;)}7_, are concave in my, the relative
structure of the minimal dynamic cost G7 (7) and stopping
cost function 1 — 7y is depicted in Fig. 1. Based on this
figure, and the optimal form of the stopping time given in
(29), the optimal stopping rule can be equivalently stated as
in Theorem 1 with Wg marked in Fig. 1 and defined in (29).
|
Theorem 2 (Switching Rule): For the finite-horizon quick-
est search problem in (8), the optimal switching rule at time
t is to switch to a new sequence if and only if J5(m) >
Jg3(7rt)'

Proof: According to (9), the exploration action is per-
formed when the cost associated with switching to a new
sequence falls below the one associated with the observation
action, i.e., when ¢z +.J/5 () becomes less than cz+.J 55 (7).

|
IV. NUMERICAL EVALUATIONS

In this section we present numerical results by placing the
central focus on comparing the performance of the quickest
search procedure in this paper, which takes into account the
correlation structure, and that of the one in [6] that does not
take into account the correlation structure. We consider the
setting € = 0.4, ¢g = 0.1, ¢;1 = 0.9, and target at controlling
the error probability below 8 = 0.01. It is also assumed that
F, and F are zero-mean Gaussian with variances 0(2) and Jf,
respectively. In Figures 2 and 3, the expected stopping time
and error probability are, respectively, shown versus o7 /o3. It
is observed that while in both settings, the error probabilities
are kept below the desired value §3, ignoring the correlation
structure leads to increased delay in reaching a decision, and
therefore, the corresponding sampling strategy is suboptimal
to the one characterized in this paper.

V. CONCLUSIONS

We have characterized an optimal sequential sampling strat-
egy for finite-horizon quickest search over a large number
of correlated data streams that are generated by one of two
possible statistical distributions. The generation of the data
streams follows a pre-specified correlation structure in which
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Fig. 2. Error probability versus a% / O'g.
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Fig. 3. Stopping time versus SNR.

the prior probability that a sequence is generated according
to the distribution of interest is governed by the distribution
of its preceding data stream. The proposed sampling strategy
guarantees achieving the smallest expected delay in reaching
a decision while an upper bound is enforced on the rate of
erroneous decisions. The gains of this strategy over an existing
one that does not take into consideration the correlation
structure have been assessed numerically.
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